In Asplund Banach spaces, the convex point of continuity property is determined on subspaces with a basis.
INTRODUCTION
Given a property of Banach spaces that is hereditary, it is natural to ask whether a Banach space has the property if each of its subspaces with a w Ž . Ž . particular structure such as a Schauder basis or a Schauder finite-dix mensional decomposition has the property. The motivation for such questions is that it is much easier to deal with Banach spaces with such an additional structure.
A subset C of a Banach space has the convex point of continuity Ž . property, CPCP resp. point of continuity property, PCP , provided for Ž . each nonempty closed convex resp. nonempty closed subset D of C, the formal identity map I: D ª D has a point of weak-to-norm continuity. A Ž . Banach space has the CPCP resp. PCP provided its closed unit ball has Ž . the CPCP resp. PCP . It is well known that the Radon᎐Nikodym propertý Ž . RNP implies the PCP. Clearly, the PCP implies the CPCP. These three Ž w x. w x properties are indeed distinct cf. 4, 7 . See 5 for a splendid survey of these geometric properties. w x Bourgain 3 introduced the CPCP to show that the RNP is determined on subspaces with a finite dimensional decomposition. Likewise, the PCP w x w x 4 and the CPCP 8 are determined on subspaces with a finite dimensional decomposition.
Ž . The long-standing question of whether the RNP resp. PCP, CPCP is determined on subspaces with bases is still open.
Recall that a Banach space is an Asplund space provided each of its separable subspaces has a separable dual. An Asplund space cannot contain l l isomorphically. Indeed, the line between being an Asplund 1 w x space and not containing l l isomorphically is very fine 12 .
w x
The PCP is determined 6 on subspaces with a basis for Banach spaces not containing l l . In fact, the PCP is determined on subspaces with a 1 Ž w x w shrinking basis for Asplund spaces cf. 10 , where this deduced from 11,
x. Thm. 1 .
The goal of this paper is to show the following theorem. THEOREM 1. Let X X be an Asplund Banach space. Then the following are equi¨alent.
Ž .
1 X X has the CPCP.
2 Each subspace of X X with a basis has the CPCP.
Ž . 3 Each subspace of X X with a shrinking basis has the CPCP.
This theorem follows directly from the results in the next section. Ž . Throughout this paper, X X and Z Z denote infinite dimensional Banach 
Ä 4
The set a has one vector, namely,
a s g q¨.
P2 K is a closed convex set, but not bounded in general.
Let the above system also satisfy, for each n g ‫,ގ‬
Ž .
Ž . Just by construction, C4 and C5 hold for n s 1 and
We call such a set K a P -set.
Ä¨4 n
Whenever we speak of a P -set, we will use the notation just set forth Ä¨4 n in the above definition.
A P -set with additional properties fails the CPCP. Proof. Assume the given hold true. For each j g ‫,ގ‬ there is a unique n g ‫ގ‬ such that l -j F l , in which case 
Define a sequence d from X X as follows: if X X is separable, let n ns1 which satisfy: s a s g ,
Find r ) r such that 1 0
Clearly all is fine thus far. Let n G 1. Assume that we have successfully found
Of course, m s 1 q Ý n l . Next we want to find
Towards this, assume that m F j y 1 -m , in which case 1 F j y m n n q1 n F l , and we know r . To find a , r , and¨, let
Then V n is a nonempty weak neighborhood of A containing g . Thus
) . 
Find r ) r such that Ž . This completes the construction of the sets in ) . Since
Ž . an -net for K . Clearly 9 and 14 hold. This completes the
is a P -set and X X. By Lemma 3, the obtained bounded P -set fails the CPCP. But this Ä¨4 n w x ϱ w x ϱ P -set is a subset of¨and so¨is a subspace of X X failing the and a bounded P -set. This completes the proof of Theorem 1.
ACKNOWLEDGMENT
The author would like to thank the referee for his valuable suggestions which have contributed to improving the final form of this paper.
